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Further studies on relic neutrino asymmetry generation. I. The adiabatic Boltzmann limit,
nonadiabatic evolution, and the classical harmonic oscillator analogue
of the quantum kinetic equations
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We demonstrate that the relic neutrino asymmetry evolution equation derived from the quantum kinetic
equationg QKE'’s) reduces to the Boltzmann limit that is dependent only on the instantaneous neutrino distri-
bution functions, in the adiabatic limit in conjunction with sufficient damping. An original physical and/or
geometrical interpretation of the adiabatic approximation is given, which serves as a convenient visual aid for
understanding the sharply contrasting resonance behaviors exhibited by the neutrino ensemble in opposing
collision regimes. We also present a classical analogue for the evolution of the differencerip ane v
distribution functions which, in the Boltzmann limit, is akin to the behavior of the generic reaktioB with
equal forward and reverse reaction rate constants. A new characteristic quantity, the matter and collision-
affected mixing angle of the neutrino ensemble, is identified here for the first time. The role of collisions is
revealed to be twofoldi) to wipe out the inherent oscillations, afig) to equilibrate thev,, and v, distribution
functions in the long run. Studies on non-adiabatic evolution and its possible relation to rapid oscillations in
lepton number generation are also featured, with the introduction of an adiabaticity parameter for collision-
affected oscillations.

PACS numbd(s): 14.60.Pq, 98.80.Cq

[. INTRODUCTION been employed in the past which, in addition to lifting the
burden on the computer considerably, also on occasion offer
The effects of decohering collisions and coherent flavovaluable analytical insights on the nature of the asymmetry
oscillations on a neutrino ensemble are collectively quantievolution [3,6,10. Two such schemes are the well-
fied by the quantum kinetic equatiof@KE’s) [1,2] which,  established static approximatif,6], and the closely related
in recent years, have been frequently applied in the study ddiabatic limit approximation introduced in R¢4.0].
neutrino asymmetrydifference in neutrino and antineutrino ~ Beginning with the QKE's, the adiabatic limit approach
number densitigsevolution in the early universe, with ap- COMPprises a set of systematic approximations, leading ulti-
preciable succesE8—5|. In essence, the simplest scenarioMately to an approximate expression for the neutrino asym-
involves independent oscillations of an active neutrigp ~ Metry evolution. The extraction procedure, however, was

and its antineutrinoy,, commencing with equal number hitherto largely motivated by mathematical convenience;

densities, to a corresponding, initially absent light sterile Spephysmal, or at least geometrical, interpretations of the inter-

) — ) mediate steps and quantities that arose therein were lacking.
cies,vgs andvg, in an environment that alters the two sets of

1S e It is thus our intention in this paper to examine the derivation
oscillation parameters in dissimilar ways. Both—vs and  f the adiabatic approximation more closely, and to assign

v, vg Systems evolve subject simultaneously to a biasediefinite physical meanings to as many mathematical maneu-
collision scheme which, in crude terms, is blind to the sterilevers as possible. These new interpretations are most useful
variety. For the appropriate vacuum oscillation parametersfor visually tracking the evolution of the neutrino ensemble
numerical solutions to the exact QKE's demonstrate theacross a Mikheyev-Smirnov-WolfensteiMSW) resonance
combined effect to be one that sees the refimeutrino  [11] in different collision regimes, and in understanding the
asymmetry grow to orders of magnitude above the baryonnature of non-adiabatic evolution. We also demonstrate
antibaryon asymmetrj3—6]. For other relevant works see again, this time more assertively, that the adiabatic procedure
Ref.[7].} leads to the elimination of phase dependence in the regime of
As much as one would like to use the QKE's directly in interest: the approximate evolution equations for the neutrino
all applications, obtaining exact numerical solutions remainglistribution functions depend only on the distribution func-
a computationally intensive task, given the necessity to trackions themselves, andot on the coherence history of the
neutrinos at all momenta where nonzero feedback couplesnsemble. In other words, the QKE’s yield classical-like
their development. Several approximate treatments havBoltzmann equations in the adiabatic limit for collision
dominated evolution.
Our second goal in the present work is to draw attention
*Email address: r.volkas@physics.unimelb.edu.au to the similarity between some aspects of the QKE’s and the
"Email address: ywong@physics.unimelb.edu.au behaviors of the more familiar classical linear harmonic os-
The magnitude of the final asymmetry found in R¢®&5] was  cillator. In particular, the evolution of the difference between
recently questioned in R€f8]. Referencg9] explains the nature of the v, and v¢ distribution functions in the adiabatic limit
the error in Ref[8]. may be modeled by a damped harmonic oscillator with a
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decaying oscillation midpoint. This analogy turns out to be awith chemical potential set to zero at temperatufie The
very illuminating one that illustrates clearly the reason be-four variablesPy(p) andP(p) advance in time according to
hind the remarkable accuracy and the conceptual correctnetise quantum kinetic equatioffQKE’s)

of the original heuristic static approximation. A new quan-

tity, the neutrino ensemble’s matter and collision-affected A ~  dPo.

mixing angle, is also established in the course. 2t~ V(P)XP(p)=D(P)[Px(P)X+Py(P)y]+—-2,
Before proceeding, let us state plainly what we hope to

achieve ultimately from these abstract analyses: Acquisition 9P NeY(p,u) 1

of a clear understanding of the physical processes that con- —°2~T'(p){ ———~ —Z[Py(p)+P,(p)] 1, (4)

stitute the various computationally convenient approxima- J N*{(p,0) 2

tions will leave us better equipped to improve on them. To
this end, classical analogies are especially useful as visudthere the quantitie®(p)=I'(p)/2 and V(p) individually
aids. On a grander scale, studies of the QKfEs semay characterize the collision-induced decohering and the matter-
stand to benefit areas beyond relic neutrino asymmetry evcffected coherent aspects of the ensemble’s evolution
lution, most notably transitions in multi-level atomic systemsrespectively’. Their approximate forms shall be detailed
which are described by similar equatidiis]. shortly. Note that the/Py/dt equation is not exact because
The structure of this paper is as follows: The exact QKE’sthe right hand side assumes thermal equilibrium for all spe-
are presented in Sec. Il for the purpose of introducing thegies in the background plasma, while thg distribution is
nomenclature. Section Ill is devoted to the discussion of théaken to be approximately thern{dlo]. The properties of the
formal adiabatic procedure, in which we shall also presen@ntineutrino ensemble may be parametrized in a similar man-
results from numerically integrating the pertinent approxi-ner and subject to the same QKE'’s with the appropriate de-
mate neutrino asymmetry evolution equation for the firstcoherence function and matter potential. Henceforth, all
time. The classical harmonic oscillator analogy is to bequantities pertaining to the < v, system shall bear an
treated in Sec. IV, while Sec. V deals with the issue of non-overhead bar.
adiabaticity and its possible relation to rapid oscillations in  The vectorV(p) reads[13]
the asymmetry evolution. We conclude in Sec. VI.

V(p)=B(p)x+\(P)Z, (5)
Il. NEUTRINO ASYMMETRY EVOLUTION AND THE .
QUANTUM KINETIC EQUATIONS: NOMENCLATURE with
We consider a two-flavor system consisting of an active m?
speciesv,, (Wherea=e, u or 7), and a sterile species, B(p)= n sin 26,
where their respective abundances and the ensemble’s coher-
ence status at momentumare encoded in the density ma- Am?
trices[1,2] Mp)= 755 [b(p)~a(p) ~cos o],
L ()
=[P +P(p)-o]. 1
P(p) 2[ o(P)+P(p)- 0] @ in which Am? is the mass-squared difference between the
neutrino statesd, is the vacuum mixing angle, and
The vectorP(p) = P,(p)x+ P, (p)y+ P,(p)z may be inter-
TR P AP 4¢(3)\2GL@T3p
preted as the “polarization” and= o, x+ o,y + 0,z are the a(p)=— ’
Pauli matrices. In this notation, the, and v distribution m?Am?
functions atp are, respectively,
. 4{(3)\2GeA, T*p? -
1 p)=-— > ;
Na(P)=5[Po(P)+P(p)IN*Yp,0), meAm*my

given thatGg is the Fermi constantn,, the W-boson mass,

1 . { is the Riemann zeta function ad=17, A, ,=4.9. The
Ns(p)= 5[Po(p) = P,(p)IN*{p,0), 2 uantit

2 q y

L . . () — — T
for which we have chosen the reference distribution function L¥=L,t+LetL,tL A 97=2L,+L, ®

o o o
N*(p.0) to be of Fermi-Diradequilibrium) form, combines the various asymmetries individually defined as

p2
N p, )= — —, (3)
2m 1+ex P—H 2t shall be demonstrated later that the system’s damping and os-
T cillatory features are in fact mutually dependent.
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" where the dependent variables and coefficients are under-
L.,= (99  stood to be functions of both time and momentum.

4 We solve Eq(12) by establishing a parameter-dependent
wheren, = [N,(p)dp, n, is the photon number density, and Amstanttameo;shdlagonal ba:r:sgq Stqé;'f)\’ 'B).t (ql.' .q2’|
7 is a small term related to the cosmological baryon-q3_)’ onto- w ,'C we map the vect .rom IS origina
antibaryon asymmetry. The authors of Ref] have called fixed” coordinate systemS=(x, y, 2) via

L(® the effective total lepton numbeffor the a-neutrino

specie, a name we shall also adopThe condition\ =0 is Q
identified with a Mikheyev-Smirnov-WolfensteitMSW) Q2 | =Q=UP. (13
resonancgl1]. Q

The functionD(p) is equivalent to half of the total colli- 3
sion rate forv, with momentump, that is[1,10], The transformation matrii and its inversé/~* diagonalize

the matrix in Eq. (12) by definition,
1 1 p
D(p)=35T(p)=5 m[yaGﬁTs(l—zaLaHO(Li)], Kyq=diagky, ky, kg)=UKU ™, (14)
(10)

where the eigenvaluds;, k, andks are roots of the cubic

: . characteristic equation
where(p),=3.15T is the average momentum for a relativ-

istic Fermi-Dirac distribution with zero chemical potential, k3+ 2Dk2+ (D2+ A2+ B2)k+ 2D =0, (15)
Ye=4,Y, »~2.9, andz,=0.1,z, ,=0.04.
The corresponding functiong(p) andD(p) for the an-  the discriminant of which is identically
tineutrino system are obtained from their ordinary counter-
parts by replacing () andL, with —L(® and—L, in Egs. A=4p°%-p*D?+12B*\?~208°D*\?

(7) and (10), respectively. 4y 2 2y 4 2y 4 6
We conclude this section by noting that a direct time evo- TADTATH 12BN+ 8D AN, (16)

lution equation for the neutrino asymmetry may be deriveqnqer most circumstancéfor example, the individual cases
from the QKE's together withw+s lepton number conser- ¢ I\|>D and|B|>D), the inequalityA>0 holds such that

vation[10], which reads two of the three eigenvalues occur predominantly as a com-
plex conjugate pair, which may be conveniently param-

dL, 1 — etrized as
WZEJ BLPy(p)—Py(p)IN®*qp,0)dp. (1)
7 ki ,=—d*io, 17)

As well as serving as the backbone on which to develoR,nereq andw, both real and positive, are readily interpreted

useful approximations, this expression is useful when nuzg theeffective damping factoand effective oscillation fre-

merically solving the QKE's. Although it is redundant, Eq. g ency respectively. These phenomenological parameters
(11) has the virtue of tracking the crucial quantity without  5ice since the QKE's couple the damped and oscillatory
the need for taking the difference of two large numbers.  yqpects of the time evolution, and are to be compared with
what could be called thibare damping factor and thebare
Ill. ADIABATIC LIMIT matter-affected oscillation frequendy=\/8%+\2. The re-
o maining rootk; of Eq. (15) is real and negative, and bears
A. The Boltzmann limit several simple but elucidating relationshipskioandk,,

The adiabatic limit approximation introduced in RgfO]*

consists of first setting the repopulation function in Et).to B°D
zero, i.e.,dPy/dt=0, such that the QKE’s simplify to the kg=— P+ w2 (18
homogeneous equations
P Px -b-» 0 Px d=D+%, (19
7 Pyl]=| N —-D —=B]|Py|=KP, (12
P, 0 B 0 P,

>The approximatioryP,/dt=0 requires careful justification, al-
though past numerical evidence has always strongly suggested this
3The terms “lepton number” and “neutrino asymmetry” are used idealization to be very reasonable. One can derive in the adiabatic

interchangeably throughout this work. limit of the full-fledged QKE’s, including the finite repopulation
“Note that the derivation we now review is very similar to a pro- term, results identical to those obtained in this section to leading
cedure described in Rdf14], though the context is different. order. See the companion paper Héb.
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s o o 3, of collisions (i.e., D=0), residing entirely on thez-plane
@ =N+ B+ ksD+ k3, (200 when viewed in the fixed coordinate systéirOtherwise the
alignment is inexact in the general case, where a nonzero D

to be further discussed in Sec. IV. These equations show thagenerically endowsj; with a smally-component evident in

ks quantifies the “misalignment” between the effective and the transformation matriz ~* in Eq. (21), that is,

bare damping factor, and between the effective and bare os- A . ) .

cillation frequency. Qa=Ug X+ U Y+ U2, (25)
The only (so fap unambiguously identified instance for

which the discriminant is zero or negativa €0) occurs Where

when the condition®>|g| and \2<g*4D? are simulta- X

neously satisfied, in which case all eigenvalues are real and U 2= B

generally distinct with the exception &f=0, where at least x3 (D +kg)2+ N2+ B2

two roots are equdlThe interested reader is referred to Ap-

pendix A for the mathematical details. For clarity, we deal D(D+kg) D=0 p?

exclusively with off-resonance evolution in this subsection, - 5 2. 2 T 2. 20

which translates loosely into requirifg|>D, | 8|, so as to (DHky)" A"+ B NHB

ensure the existence of complex conjugate eigenvalues. The 5 5o

study of resonance behavior i.e., whare0, is deferred to e B°D(D+k3) -

Sec. Il B. BT (D4 kg)2+ N2+ B2]2 -
For A #0, the matrix/ ~! consists of the normalized eig-
envectors 2,32 = 2
D+kg)“+N= D=0 )\
=) B . (26)
1 (D+kg)2+ N2+ B2 N2+ 32
D +ki A . :
1 - X 21 The D=0 (i.e., g V) limit of Eq. (26) is to be compared
Ki_j\_/'i ' (1) with Eg. (5). The variablesQ; and Q, quantify the actual
_ D+Kk precession in conjunction with their associating complex
\k; vectors,g; andg,, that sweep the plane perpendiculagtd®
, . Figure 1 shows schematically the relationship betweersthe
in the columns, while the row vectors and S, bases.
1. D4k 1 N K, Rf—:-writing Eq.(12) in the new instantaneow, basis, we
vi=—MNki| 511 ] Ty Sl B obtain
Dijzi ki—k;" i ki—k;" BDjzi ki—Kk;
—1
(22) @_ B ou
7t~ KaQ-U—Q, (27)

constitute the inverse matri4, with the ith normalization

; 7
factor given by where the 3 3 matrix2(o4~ 1/ dt) exemplifies the system’s

1 explicit dependence o#D/dt, N/t anddp/dt, and in gen-
M:W\/)\2|ki|2+(/32+ [ki|%)|D+k;i|?, (23)  eral contains nonzero off-diagonal entries. Under certain cir-
! cumstances, these time derivatives are inconsequentially
or explicitly, with the aid of Eqs(18) to (20), small relative to terms in th(_a diagonal matii; (see Ref.
[10] for the relevant constraintsWhen these bounds hold,
1 we are entitled to take the adiabatic limit, defined by
leszm\/z[)\2+,32+ ks(D+ka)], U(IU at)=0, or equivalently,

3 UD+ 8D, N+ 6\, B+ 8B U YD, \, B)=diag 1,1,1),
N VD(D+k3). (24) (28)

" [\kq
such that the basiS,(D, N, 8) maps directly onto the neigh-
In this new basisS,, the unit vectorgs represents the axis boring So(D+ 6D, A+ ), B+ 6p) as the parameterd, A

about whichP precesses. This precession axis coincides, bpnd 3 slowly vary with time.

definition, with the matter potential vectdt in the absence ~ The formal solution to the now completely decoupled sys-
tem of differential equations fo® is simply

SEquations(17) to (20) are equally valid for cases whene<0 if
we extend the definition ab to include imaginary values, although ~ °This description of theS, coordinate system is actually techni-

w’s physical meaning is then, of course, different. cally inaccurate since the instantaneous diagonal basis is not or-
A minor issue pertains to the definition of the normalization thogonal, ancﬁl,2 are complex. However, as a visual aid, it is more
factor—to be clarified later where relevant. than adequate.
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the function\.

At this point, we alert the reader to a mathematical
subtlety. Equation§29) and thereforg30) are in fact poorly
defined if the time integration encompasses regions where
two or more eigenvalues are identical. In this case, the matrix
o K has momentarily less than three distinct eigenvectors,

P(t)=U ~(t)diag e/da ()t efdka(t)dt" aleka(t’)dt"y thereby rendering the transformation matix * uninvert-

ible. Fortunately, such instances, besides their résiég Ap-
XU(0)P(0). (300 pendix A), have virtually no bearings on the outcome as we
shall see in due course.
Note that this solution is “formal” because the eigenvalues From Eq.(30), we extract a formal expression féx(t)
k; depend on the asymmetty,, and hence of®,, through in terms of P,(t),

Q(t)=diag e/t )4 efdka(t)at gls)d) (),
(29

and consequently,

P (t) u;]_l(t)efakl(t’)dt’Ql(o) +u;21(t)efgk2(t’)dt’Q2(0)+ugsl(t)ef8k3(t’)dtrQ3(0)
y = ! ! ! ! ! !
U N (1) Q. (0) + 14,1 (1)t Q,(0) + 1 5k (1) e/tkat ) Qq(0)

P(t). (31)

Recall from Eq.(17) that the eigenvaluds, andk, are pre- Observe that Eq34) involvesonly the v, and v¢ distribu-
vailingly composites of a real damping factdr and an tion functions at any given time. Interestingly, phase depen-
imaginary oscillatory componeri. Given an ample. such  dence has been eliminated by the adiabatic procedure in con-
that the effective oscillation frequency readé=\? in Eq. junction with appreciable dampin¢collision dominancg

(20), the real eigenvaluk; is guaranteed to be small accord- the coherence status of the neutrino ensemble has minimal
ing to Eq. (18), while the phenomenological damping be- influence the asymmetry’s time evolution. Geometrically, the
comesd=D by Eq.(19). Sinceks scales wittD, a compara-  quantity P,(t)/P,(t) in Eq. (33) is but the instantaneous ra-
tively larged will always quickly reduce the corresponding tio of they- and z-components of the axig, in the limit of

exponentials in Eq31) to zero relative to the “decay” time : . .
of their ks counterpart, wiping out the accompanying rapid zero-amplitude precession. We shall henceforth refer to this
3 ! condition as théoltzmann limitof the QKE’s. Note also that

oscillations in the process. The conditiBr®| 3| is a bonus .
which contributes to accomplishing the said exponentiarEq' (34 has the form of a classical-style rate equafieae

damping at an even faster rate over the time scale okihe
decay. Installing theollision dominancepproximation

ef ik, AHdt'_, 0, (32)
in Eqg. (31), we obtain

U5 (1) Ks

Py(t)= P,(t)=

P,(1), (33

which, together with its antineutrino analogue, allows us to
express the neutrino asymmetry evolution equation in Eg.

(11) in an approximate form: » X
dt, 1 k Ka[ N, N, d
W‘z_nyf{ s[N&(P) = Ns(p) ]~ ks[No(p) = Ns(p) J}dp.

(34)

FIG. 1. Schematic representation of the polarizaffoithe mat-
*The resulting approximate evolution equations actually involveter potential vectolV, and the instantaneous diagonal basjsin
the joint action of collisions and oscillations. However, we adoptrelation to the fixed coordinate systef The authors warn that
the phrase “collision dominance” because of the crucial role Some features have been exaggerated for pictorial clarity. Note also

played by damping. that the unit vectors|; andq, are complex vectors.
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Eq. (46) below] with the neutrino and antineutrino transition resonance, cos®2-a(p)=0. The last approximate inequality
rates computed to blé,|/2 and|k;|/2, respectively. in Eq. (38) is established by setting=3.15 (i.e., average
For computational purposes, an auxiliary expression demomentum, |[Am?|~1 eV?, and L(¥~10"° is a typical
scribing sterile neutrino production for each momentum statevalue for the asymmetry immediately after exponential
p may be obtained similarly in the Boltzmann linjit0], growth.
The second scenario is whei2 is genuinely small
enough so that the collision dominance approximation can-
' not be made even outside of the resonance region. This situ-
ation typically obtains, independently of the vacuum oscilla-
tion parameters, at lower temperatures siftelecreases

to be employed in tracking the quantilVs(p) in Eq. (34).  With temperature a3° according to Eq(10).

The v,, distribution function in the same equation is approxi- It is easy to convince oneself by inspecting the discrimi-
mated to be nant in Eq.(16) that a dominating3 ensures the existence of

complex eigenvalues, and thereby preserves the precessive
N, (p)=N*Yp,u), (36)  nature of the evolution of the polarization vec@for all \.

. ] . ) . At A=0, the solutions to the characteristic equation, Eg.
with the interpretation that the neutrino momentum sfa®  (15), are

instantaneously repopulated. Thus E34)—(36) form a

Ns(p)

a _ 3| No(P) ~Ns(p)
dt] N*(p,0)

L p =
2P =" 3| et

fully serviceable set to be simultaneously solved to diye D 4B2-D?
as a function of time. k1'2|*:°"3|2D:_?i'T’
B.R behavior: The\=0
esonance penavior case k3|)\ 0 |B|>D= _ D, (39)

Referencg 10] did not provide a full analysis of collision-
affected adiabatic evolution through an MSW resonancewhere the sole real root is always identifiedkaswhich, as
Since resonance behavior is a very important issue in thgentioned earlier, is clearly larger than the real components
study of lepton asymmetry growth, we now provide a carefulof k; andk, i.e., the effective damping factar=D/2. The

treatment of this topic. corresponding transformation matrices evaluate to
As an incentive to study the vicinity of an MSW reso-

nance, let us observe the solutioksto the characteristic 0 0 1
equation, Eq(15), at exactlyA=0, B iﬁ B iﬁ .

D D?-4p2 U x=0,1p1=D= 2 B V2 B ,

Kl\=o=—D, —5*——F—. (37) R
2 2 1 1
- -— 0

Evidently, whether the square root evaluates to an imaginary 2 2

or a real number is conditional to the relative sizes of the

argumentdD and B. If the former ensues, we are forced to UIAZOY‘,;‘ZD

identify the root—D with the real eigenvalu&s; which is

now twice the magnitude of the effective damping faador

=D/2 such that the off-resonance “damping versus decay” D2 —iky

rationale of Sec. Il A no longer applies. The latter scenario

is, contrary to off-resonance behavior, non-oscillatory, and 2
requires a new interpretation. iki\/——
DZ 4B2_ D2

1. Case 1|8|=D

There are two distinct situations covered under this head- (40
ing. The first is where adiabatic and collision dominated evo-
lution occurs on either side of the resonance, with the conwhere the precessmn axis now lies in thex-direction, and
dition |3|=D maintained during the crossing. This amountsthe vectorsy; andq, trace out accordingly a surface roughly
to requiring that parallel to theyz-plane.
Let us now track the evolution &¥, as depicted in Fig. 2,
|Am?ly for the situation where collision dominance holds on either
L ()3 side of the resonance crossing. As the matter potential vector
V, initially at (+ 8, 0,+\), is rotated on thez-plane and
~1077, (39) decoherence functiob independently modified, the instan-
taneous unit vectoﬁg moves through a continuum of pre-
wherey=p/T is a dimensionless quantity not to be confuseddefined positions in the«x, —y, +2z) block dictated by the
with y,, and we have used Eq&) and (10) evaluated at transformation matrix/ %, while P precesses about it. The

SiP20=3.6x 10 242
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1z (+x, +y, —2) block while V=(+p,0,—\) continues to
move down thexz-plane (see Fig. 2. The variableQ; re-
(+B, 0, +2) gains control ag\| increases, and the system advances in
time as discussed in Sec. Il A.
The oscillatory terms at resonance play a pivotal role in
partially propelling the asymmetry growth through the MSW

(+B’ 0’ 0) ]

i — effect (dominant mode fot3|>D, i.e., negligible collision
—X < /é' —> X rate). In fact, in regimes where collisions are completely ab-
sent(i.e., D=0), one may recover from the approximate
\ solution to the QKE's in Eq(30) the common expression for
the adiabatic MSW survival probabilifyL0]. Geometrically,
-y adiabatic| 8|=D evolution carries the polarization vectBr
(+B, 0, —A) from the (+x, —y, +2) to the (+x, +y, —2z) block across

an MSW resonance following the precession agsBut as

far as Eq.(34) is concerned, coherent MSW transitions are
FIG. 2. Schematic representation of the precession (A@(ibr evidently dependent on the history of the neutrino ensemble,

the casdB|=D as a function of the matter potential vecéor The  and therefore outside the Boltzmann limit. The approximate

tags (8, 0,\) show the pertinent values &f. neutrino asymmetry evolution equation, E@®4), thereby

collapses in the proximity of a resonance under the condition

vector g; gradually aligns with thex-axis as we approach |B|=D

A=0, such that the decay @3 becomes increasingly de-
pendent on the parameters that govern the evolutioR,of 2. Case 2: >>| g

This is manifested in the escalating magnitude of the eigen- The case oD> | 8| exhibits vastly contrasting resonance
valueks, which reaches a zenith of D| wheng; andx are  behavior to the previously considered scenario. A genuinely
completely parallel ah =0 by Egs.(39) and (40), andQ3;  larged=D in denominator ok, that is,

and P, are momentarily equivalef?. Meanwhile, the two

variables of interes®, andP,, become progressively more

oscillatory as we cross the resonance region for the following 32D
reason. Kalpsp=————+0(BY, (41)
In the adiabatic limit, the precessive behaviorrols pa- D7+

rametrized by the complex conjugate variab{@s and Q,,

and driven by the imaginary component of the corresponding

eigenvaluesk; and k,. The magnitudes of the oscillatory according to Egs(18) to (20), will ensure the latter's small-
components irP, , , are therefore dependent on two factors: N€SS even as approaches the resonance region.

(i) exponential damping o, andQ, through the real part An immediate consequence is a growing projectiongf
of k; andk,, and(ii) the “intrinsic” oscillation amplitudes initially in the (+x, —y, +2z) block, onto theyz-plane, ac-
prescribed by the transformation matrdx !, or equiva- companied by ax-component that tends to zero with a de-

lently, the projections of the instantaneous eigenveadigrs creasing\ in Eq. (26). Precession abouf; is sustained and

andq, onto the fixedS basis. For theéB|=D case, Eq(39)  quantified by the complex function®; and Q, until we
shows that the effective damping factrin k; andk, di- reach a domain where the imaginary parts of the complex
minishes from~D to an all-time low ofD/2. This means €igenvalues totally vanish. We locate this territory by evalu-
that the variable®Q; and Q, are no longer preferentially ating t_he discrimin_a_mt of the _characteristic equatio_n in EqQ.
exponentially damped relative to the decay@fwhich now  (16) with the conditionD>[g] in place (see Appendix A
occurs at a comparable rateD. On this account alone, no The patch turns out to be minuscule, with an upper bound
single term in Eq(31) stands out as the presiding factor in

the resonance region. At the same time, the evolutioR of

and P, is now almost totally described b®,; and Q,, be- ) B*
cause of a growing alignment between tlgg,- and N E
yz-planes. Complete alignmetand therefore purely oscilla-

tory behavior inP, andP,) is attained at exactix =0 as

shown in Eq.(40). ) . ) ) to be compared with the nominal resonance wigiih |
On the other side of the resonanap, resides in the g/ Here, the eigenvalues are all real and negative, with
their relative sizes being the only distinguishing feature.
Thus, in principle, any one root may be labelegand the
19A more insightful interpretation ok, will be provided later in ~ remaining two will automatically satisfy Eqgl7)—(20) with
Sec. IV. an imaginaryw. We restrict the choice by matching the ei-

(42)
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FIG. 3. Schematic representation of the precession gxi®r 0 L -3 L
the caseD>| 8| as a function of the matter potential veckor The = D%—4p? B D?-4p? |, (44)

tags (B, 0,\) show the pertinent values &f.

e enier o ETE e [FHE
genvalues at the “complex-real” interface, such that the D2-4pB%2 B N D?-4p?
smallest root is always designatig! The othersk, and
k,, are dissimilar but concurrently large, thereby providing

continued justification for Eq(32) and consequently Eq. in which the quantitiek, andks are the relevant eigenvalues
(33) in this regime. As an illustration, we calculate the ei- jisted in Eq.(43), and the ratioL{;31/Z/lZ‘31=k3/B remains

genvalues ak =0, unchanged from tha #0 case. Hence the asymmetry con-
tinues to evolve in the Boltzmann limit at resonance in the
Kilx=0,p5|g=—D, D>|\|, | B| regime, as described previously by Eg4).

Observe also in Eq44) that the vectoqu is indeed en-
tirely on theyz-plane atA=0. Thus the role of adiabatic

| __b~ VD*-4p° evolution in the event ob>|g| is to bring the polarization
2Ix=0,D>[5~ 3 2 P from the (+X, —y, +2) to the (—x, —y, +Zz) block as we
) rotate the matter potential vect®f from (+3,0,+\) to
=-D+0(B), (+B,0,—\), as shown in Fig. 3. This is in total contrast
with the |8|=D and, indeed, th® =0 cases, and entails a
D DZ2—4p? new definition for thel/ ~* and ¢ normalization factor to
k3|)\:O,D>\B\: Y + — maintain the mathematical correctness of Eg9) and(30),
that is

2
z—3+0(54). (43)

1
M|D>|ﬁ\:m\/7\2|ki|2+(ﬁ2+|ki|2)|D+ki|2- (45)
Note that the expression fég in fact agrees very well with !
Eq. (41).

The unit vectorsy,;, g, andqs are similarly matched at
the boundary. Transformations between the fiednd in-
stantaneouss, bases are as defined previously in E@)
and(22), although minimal physical significance may be as-
cribed to the instantaneous basis beyond the textbook de-

Compared with Eq(23), this new definition guarantees that
the x-component of3, U5, (and nott/ 5 andi/ 5, as in
the |8|=D case flips sign across an MSW resonance.

scription of a 3-space spanned by three real linearly indepen- 3. Summary

dent vectors, wherg; is, incidentally, most aligned with. In this subsection, the following conclusions have been
The matricest/ ™~ and I/ evaluated al =0 are routinely  reached pertaining to evolution through an MSW resonance:
displayed below: (1) Where the conditiorD>|p| is satisfied, asymmetry

evolution (which is just a special case of distribution func-
tion evolution continues to be well described by the Boltz-
0nce matched, the rodt; will remain smallest in the “real” mann limit. Sufficient damping is in place to remove the
region since real eigenvalues must never cross théegirept at the ~ coherence history of the ensemble as a necessary and inde-
boundary in the limit D>|3]|, as dictated by a nonzero discrimi- pendent dynamical variable.
nant in Eq.(16). (2) The case of|g|=D displays completely different
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resonance behavior since the damping versus decay rationaiellapse to the sterile eigenstate at the time of collision,
supplied by|Re(k; »)|>|ks| doesnothold. The MSW effect averaged over the neutrino ensemBlén the adiabatic limit,
now dominates the dynamics of the system in a way thathe latter is given by

cannot be described by a Boltzmann limit.

. L (P(vy—vs, p)>
C. Static approximation

We present here a brief account of the static approxima- - E_ E ﬂ ()
tion [3,6], partly to demonstrate that E434) may be re- 22\ Q) ot
derived within this framework, but also to introduce some
terminology for later use. The derivation given here is a de- B(t) B(t'") t
velopment of that in Ref3]. +m Q(t,)cos{ ft,Q(t )dt }

The static approximation begins with the following obser- ens
vations[3,6]: There are two means by which the lepton num- 1 1

ber of the universe may be modifig() oscillations between =5 —§<02 On(t)c26,(t)

collisions, since matter effects are dissimilar for neutrinos

and antineutrinos, andi) the collisions themselves which t

deplete v, and v, at different rates through physically +s2 6’m(t)52¢9m(t')005{ Jt/ﬂ(t")dt"b :

“measuring” the respectivev ,« v and v« v, adiabatic ens

matter-affected oscillation probabilities.

This vision of the role of collisions is essentially a wave-

function collapse hypothesifrojection postulatethat is

evidently closely related to the collisional decoherence rigwhere Q=A%+ 2 is the matter-affected oscillation fre-

orously quantified through thi function in the QKE’s. Ex-  quency, c26,=cos %, and s26,,=sin 26, quantify the

ploitation of this picture has, in the past, led to the acquisiimatter-affected mixing angle, the subscript “ens” denotes a

tion of much physical insigh{see Refs[3,6]). There is type of ensemble average, and all quantities are functions of

significant literature on the relationship between the collapsenomentump. It follows from Eq. (48) that I'(v,— vs, p)

hypothesis and systematic treatments of quantal decoherened(v.—v,,, p), and likewise for their antineutrino counter-

for open system$12]. The general conclusion seems to beparts.

that the former often leads to dynamical behavior close to The ensemble average phdse- )qnsiS computed assum-

that derived from the formal “master equation” or QKE ing that collisions disrupt coherent evolution by resetting the

approach. Using this type of picture for active-sterile neu-phase term in the brackets to zero. Considenthensemble

trino oscillations, one can derive a lepton number evolutionat timet. The fraction that has survived resetting since time

equation(static approximationsimilar to that obtained inthe t’ is postulated to be

adiabatic limit of the QKE’s in the collision dominance re-

gime [3,10].

The approximation we shall discuss here neglects mecha- t
z(t,t’):exp{—f D(t”)dt”}.
¢

(48)

nism (i) above. Modd(ii), generally predominant in the high (49)

temperature regime, is described by the rate equation

Thus the portion of neutrinos that is reset betwéérand

dL, 1 t’+dt’ and then propagates freely to timevithout further
W: n_yJ’ [_F(Va_> Vg, p)l\la(p)—i_lﬂ(VS_> Vas p)NS(p) encounters |S Slmply
+T (= vs, PING(P) ~ T (vs— v, , PIN(P)]dp.
t
(46) dz(t,t’)=D(t’)exr{—J D(t”)dt”}dt’, (50
t!
The reaction rate o
contributing the phase c20,(t)c260,,(t")

+szam(t)swm(t’)cos{fI,Q(t”)dl”] to the ensemble at time
t. The ensemble average phagea weighted sum of these
contributions originating in a time interval extending from

I'(p)
F(ve=vs, p)=—=(P(ra=vs, P)), 47 t'=t; in the past, to the presetit=t:

is the product ofhalf of the collision ratel'(p), and the 2The factor of 1/2 arises from the fact thatequalsl'/2 rather
probability that an initially active neutrino at tinté would  thanT in the QKE’s. The discovery pap@8] omitted this factor.
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< Cc26,(t)c20,,(t")+ 520m(t)526m(t’)cos{ ft Q(t”)dt”D
v

ens

t'=t tomae| MO N B(E) B(t) t
= D(t")e /Pt co f Q(t")dt” | dt’
Jmi (t)e QM o) Q) o) 5{ A
— ﬂ JteIIID(t”)dt”M + — 1 ﬁ(t) J e II/(DJriQ)dt”Mdt’_i_c_c_ , (51)
Q(t) Jy, Qt') 20(1) Q(t")
where c.c. denotes the complex conjugate. Integrating by parts, the first integral evaluates to
’ 2 2
)\(t)f D(t ) _f D(t//)dt// )\(t )dt,: )\ (t) —e_f:iD(t”)dt” )\(t) )\(tl) N )\(t) f D(t”)dt” )\(t ) }\ (t) .
Q(t) Q(t") Q2(t) Q) Q) Q) Jy "1 Q) Qz(t)
(52)

The last approximate equality arises from the static approximation which assumes negligible dependence on the time deriva-
tives of D and (). The integration limitt —t;—o has also been utilized to eliminate the definite integra[eXQD(t”)dt”] in

Eq. (52).

Applying the same procedure on the second term in(&t), we obtain

B(1)

_ A D

» B(t)
—f (D+iQ)dt
Q(t)f (D+iQ)e

D(t') ,

Q(t") D(t")+iQ(t")

i imee BO B D) B(t)
Q(t) Q(ty) D(t)+iQ(t;) Q(t)

Q1) DO +iQ)

B(t")

D(t")

!

Xf e f (D+|Q)dt"
15

dt’

_BAH D
Q2(t) DO +iQ()’

and similarly for its complex conjugate. Thus E¢49), (52)
and (53) combine to give

1 B
P — V.. D)) ==—=(--.- _—
(P(vo— s, p))= < Yens= 2 Dz(t)-i—Qz(t),
(54)
and the original rate equation in E@6) becomes
dL“~ 1 stati _
W_z_nyf {k3™TNL(P) ~Ns(p)]
~k$*TNL(p) —Nq(p)T}dp, (55)
with
, B°D
static_ __
s D2+ 22+ 2’ (58

and a similarly defined antineutrino counterpigéffltic evalu-

Q") D) +iQ(t)

(53

eigenvaluek; defined in Egqs(18)—(20), and to its approxi-
mate form in the limitD, |[\|>| 8| displayed in Eq(41). The
exactks agrees with$“when the smalk, contributions in
Egs. (19 and (20) are neglected. This clarifies a point of
confusion raised at the beginning of Sec. Il C in Rd0]
that was later resolved, for the first time, in REI6].

D. Numerical results

For the purpose of book-keeping, we include here a report
on the results of numerically integrating Eq84) and (35)
together with the approximation of instantaneous repopula-
tion given by Eq(36). Calculations are performed on several
sets ofv,«< vg oscillation parameteram? and sirf26, for
two choices ofks:

(1) exAcTK3. The real rooks of the characteristic equa-
tion, Eq.(15), is computed by iterations at each time step for
all neutrino momentum bins. In the event of three real solu-
tions, we invariably choose the one smallest in magnitude as
justified in Sec. 1l B. This calculation, codenamexACTK3,

ated at timet. Equation(56) is to be compared to the exact has not been previously attempted.
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FIG. 4. Evolution of the effective total lepton numbkf®, wheFrlfe;. 5'_ EVO'”“?; of the eﬁeggzﬁl;?;il Iepg:);mztler?:iﬁmé
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; . . (R4 : sent results from numerically integrating E@¢84) and (35) usin
resent resu_lts from numerically integrating B -) angti(f 5 using the exact eigenvaluke; and th)(/e heugristicagllly ::iqeri)vekﬁ‘at(iC 5zespeg-
the exact eigenvaluk; and the heuristically derivekd;™™, respec- tively. These are juxtaposed with the solution to the ;axact QKE'’s
tively. These are juxtaposed with the solution to the exact QKE'S[E )/(.4)] for the sejlme (E)scillation arametdsolid ling)

[Eg. (4)] for the same oscillation parametédsolid line). a. P )

IV. THE CLASSICAL OSCILLATOR
(2) sTATICK3. In the STATICK3 code, we adopt the heuris-

tically derivedk?""“c of Eq. (56) which, in the past, has very Much of the discussion in the preceding section, particu-

larly on the meaning of the eigenvalues, was conducted in

loselv mimi luti fth i h é}%wgons borrowed freely from the damped simple harmonic
closely mimic solutions of the exact QKE[S]. The present oqijiator. We now present a full classical analogue that

independ_ent calculation incorporates a distinct decoherenggqels the individual time development of the variaties
function D(p) for the antineutrino ensemble that was for- Py, andP,.
merly taken to be identical to its neutrino counterpart. Consider a classical system exhibiting damped simple
Results fromeEXACTK3 and STATICK3 for two representa- harmonic motion about a midpoint, that simultaneously
tive sets ofAm? and sif26, are shown in Figs. 4 and 5. “decays” with time, such as portrayed in Fig. 6 and by the
Solutions to the exact QKE'&KE) for the same oscillation following second and first order ordinary differential equa-
parameters, computed independently for this work, are alstons:
presented in the same figures for the purpose of comparison
as well as to demonstrate that the QKE’s are indeed numeri-
cally tractable.
In all three codes, time integration is achieved using the dt?
fifth order Cash-Karp—Runge-Kutta method with an embed-
ded fourth order formula for adaptive stepsize confdd]. x
The neutrino momentum distribution is discretized on a loga-
rithmically spaced mesh following Rg#], and a summation
over all momentum bins is performed at each time step. For
extra numerical stability, the redundant Egl) is also built
into the QKE code, to be simultaneously solved with E4).
This feature essentially serves as a safety net that insures
against errors arising from taking the difference between two
large numbers.
It is clear from Fig. 4 and 5 that for all practical purposes, ' t
EXACTK3 and STATICK3 produce indistinguishable results i 6. Damped harmonic oscillator with a “decaying” oscil-

(and we add in parentheses in conclusion that the formegtion midpoint—schematic representation of the solution to Eq.
code is time-consuming to execpte (59).

d?(x—x d(x—x
( 0)+2y ( 0)

T +13(x—x0)=0, (57
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and iz
SiIf20,=—,
dxo A2+ B2
W =— fXO. (58)

(64)

o _ ) to include collision effects by recognizing that the denomi-
The quantity¢ is recognized as a decay constany,is the  nator of the above is simply the matter-affected oscillation
natural frequency of the oscillator, ang is the damping frequency. Then replacement with the natural frequeriy
factor that couples to the oscillator’s velocity to effect a d's'immediately leads to areffective matter and collision-
sipative force. S affected mixing parameter

The variablex may be solved for exactly by inflating Eqgs.
(57) and (58) conjointly to produce a third order ordinary 8
differential equation SinP20, o= = (65)
0

3x 2x ,dx
dt® *(@y+e) dt? t@yes Vo)dt Frotx=0. (59 which, together with Eq(63), automatically grantk; a most
intuitive interpretation; the reaction constaky reflects on
Returning briefly to the QKE'$with negligible repopulation  the individual neutrino state’s ability to mixthrough
function) in Eq. (12), we observe that each component of thejr2og ) and to collide(through D). This is in complete
polarization vectolP may alternatively be separately solved agreement with heuristic derivations. A quick juxtaposition

by expanding the said system of homogeneous equations ingg the exactks obtained from Eqs(62) and (63),
three mutually independent third order differential equations,

one per variable. The inflated differential equations are

B*D

e Y S ks:_gz_Dsmzza’“‘D:_(D—§)2+x2+/32’ (66
e +2Dat2 +(D“+ N+ B )&t +B“DP=0, (60)
and the heuristic statiks,
for the case of time-independent paramet@ya. and 5.
Supposex is the parallel ofP,, i.e., the normalized dif- _ 32D
ference between the, and v distribution functions> Com- K= — ————— (67)
parison of Egs(59) and (60) immediately leads to the fol- D2+ N2+ 2

lowing identifications:
exemplifies the static approximation’s remarkable accuracy
y=D— € 61) in the Boltzmann limit of the neutrino asymmetry evolution.

2’ Indeed, this definition of the matter and collision-affected
mixing angle arises naturally from the QKE’s with

vg=(D— &2+ N2+ 2, (62)

: _ - ks

EZD S|n220mYDE|Z/{X31 2+|Uy31|2=—5,
f=—5. (63)

Yo
k
With some minor algebraic manipulation, the real quargity co$20, p=|UR" %=1+ 53 (68)

can be shown to satisfy the characteristic equation in Eq.
(15). Thus¢ is identically — ks, as the reader would expect, ] o o
and its role is toequalizethe neutrino distribution functions Which are quite visibly related to the projections of the pre-
N, andNg, such as in a reactioA=B where the forward cession axigj; in the fixedS basis, as shown schematically
and reverse reaction rate constants are baoffi2. From this  in Fig. 7. We refer the reader to Appendix B for a more
perspective, the Boltzmann limit simply consists of approxi-detailed discussion.
mating P,(t) as some midpoinP,(t) [and similarly for The damping termy in Eq. (61) is equivalent tod, the
P,(t)], which suffices if the oscillatory componeft,(t)  real part of the complex eigenvalues as defined in (&d),
—P,(t) is negligible relative toP,q(t) through collision- and the corollary
induced damping and/or matter suppression.

Furthermore, suppose we wish to extend the definition of '=2y+¢, (69
the matter-affected mixing angle

illustrates lucidly the dual role played by collision$) 2y
rapidly damps the oscillations, arfil) ¢ drives the reaction
3We shall restrict our discussions to the evolutiorPgfsince itis ~ ¥,= v to equilibrium in the long run. The second order
the only variable that represents a tangible quantity, although thdifferential equation, Eq.(57), evokes oscillations at a
analogy is equally applicable #®, andP, . damping-affected frequency
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z and we have used(d 1)/ ot= (Ul ot)U 1+ U(oU 1] dt)
A =0.* This corresponds to the non-adiabatic regime where
VvV the computationally convenient decoupling of the evolution
of Q;, Q, and Qg is invalid amidst sizable off-diagonal
20— entries in the matrix/(al4 1/ t) that essentially re-couple
m

the named variables in E¢27). The effects of these off-
~~~~ diagonal terms are most discernible near the resonance re-
gion where the characteristic tim& is a maximum. Full
BTN analytical quantification of their contribution generally re-
] T quires one to inflate the homogeneous QKE's in @§) into
20mp : three independent third order ordinary differential equations,
which, unfortunately, are not readily soluble even for a
» X simple linear\ (t) profile, let alone three time-dependent pa-
rametersD, A and 8. However, the generic role played by
rapidly changing parameters may be understood through
consideration of the following simplified situation.

-

=
——
S,
———

y

FIG. 7. Schematic representation of the matter and collision- Suppose the neutrino ensemble evolves adiabatically up

affected mixing angle &,, 5 . The ordinary matter-affected mixing to timet,, at which\=\,, D=D, and 8=, such that
angle is labeled &,,. cr co c co

A. A toy model

— t ’ ’
I S Pol(te) =U 3 (te Ao)eld (97 Qq(0),  (73)
=24 p2 2 with =X, y, z, and substantial damping is implicit. Reso-
MR +k3D+4k3, (70 nance crossing is instigated through the instantaneous

switching of A, to —\. at timet., after which the system
which is identified withe of Eq. (17), the imaginary com- continues to undergo adiabatic evolution to timéhat is,
ponent of complex eigenvalue. Thus collisions seem to
modify the oscillation frequency in two ways, lfiy contrib-
uting to the effective mass to produce a natural frequenc _ 1 i (t))dt! _
that is larger than th®-free frequency evident in Eq62), )ﬁ)“(t)_% Uyi (el Uip(te, =N Pp(le)
and (ii) reducing the natural frequency through the damping
term vy, a la classical oscillators by Eq70). The end result,
however, is that the two effects seem to negate each other to

_ ty (41 ’ _
some extent. This is as yet not very well understood. z% Uy (0K (e, — N)U g3 (te \o)]
t ’ ’
V. NON-ADIABATICITY ><ef0°k3(t )dt QB(O) (74)

Significant variations in some or all of the parameters
N and B over a characteristic time scalét~(D2+\?2
+ B%) "2 generally result in non-unitary mapping between
adjacent instantaneous diagonal bas&gD,\, 8) and
S[D+(aD1dt) 8t, N+ (aNIat) 3, B+ (dplat) ot], ie.,

In the D, [\[>|p] limit, the termX 4[ - - - ] evaluates explic-
itly to

oD )N d Ui g(te, — AU ga(te N
U D+—5t,)\+—5t,ﬂ+—'85t)u‘l(D,)\,,8) zﬁ: iplter el gs (te.ho)
ot ot ot
. Ut = _ \/EBC)\C B \/EBC)\C B ,85 (75)
=diag1,1,1) — U pn ot, (71 D§+)\§' D§+)\E’ D§+7\E J
where

where we have used
UD+(9D5t )\+m\5t +(7B5t)
Gr QNGO B e

5 Ypredictably, the characteristic —timest~1/vg=(D?+\?
2y—1/2; ilati ;
~UD, \, B)+ —UD, \, B)t, 72 +B9) is the localnatural oscillation length of the neutrino sys-
( A) t ( 2 (72 tem as defined in Sec. 1V, to be further discussed later in Sec. V B.

093024-13



RAYMOND R. VOLKAS AND YVONNE Y. Y. WONG PHYSICAL REVIEW D 62 093024

1 \ 1 2\ BN most visible immediately after resonance crossimgt., as
— — R S the two terms in Eq(79) may then be comparable in size.
V2 IM V2 A D2+ )2
U_1|D>|ﬁ|: _ '_ '_ _ BD B. A more rigorous treatment
> 2 2
V2 V2 D7+ The aforementioned post-resonance oscillations may be
i3 D+i[)| i D—i|\| shown to arise formally from a more exact approach that
= 2  E 1 incorporates the actual, finite time derivativ3/dt, IN/dt
V2 D) V2 D anddp/dt. Following Ref.[3], we institute the complex vari-
+0(B?), (76, able
and P=P+iPy, (80)
il L £D+_'|)‘| together with its complex conjugate*, which, from Eq.
2 M NA J2 D2+\2 (12), advances in time according to the equation
U 1 A i iB D—il\] +O(BY)
D87 TSN 5 5 Pm2av2 , Jp ~
V22 V2Dt S =(=D+iNP-ipP,, (81)
BA BD 1

(77 and similarly forP*.
The formal solution to Eq(81) is given by
so that to the lowest order ia,

B(t)=[P*(1)]* =& [dC~Md'B(0)

t ! ’
P.(t)=— el dks(t')dt 0
WO=- = Qs(0) o
—if e fuP=Ndp g’
_ 2Bk eff:CD(t’)dthBC ka(t')dt! 0
DZ+)\2
t t )
) t , , __ — [, (D—i\)dt” ’
Xsu_{ft ()| dt :|Q3(0), |f0e t BPdt’, (82
pz(t)zefbks(t’)dt’Qs(OH(9(,32). (789  Where we have used the initial conditio(0)=P,(0)

=0 to establish the last approximate equality. Note that since
The final step of letting\ . approach the vicinity of the reso- We are working in theD> || limit, even if these initial
nance\.—D,., where|A\|=D is to be interpreted as the Vvalues are not exactly vanishing, sufficient exponential
effective resonance widtfsee Appendix B completes this Eiamping will nonetheless obliterate the term proportional to
toy model, P(0) in time as discussed earlier in Sec. Il A.
Applying integration by parts on E{82), we obtain
Py(t)|)\cHDc

- t t,o o BP
_|__#Pb _&e—ﬁo(t%ksa')dt' P(t)z—if (D—iN)e Jp(P-indt B—.Zdt’
D2+)22 D¢ ’ 0 D—ik
. t . .
xsi ft A dt | | PL(D). 79 CBP o e 8PS
c D—ix|,_, D—ix,_,

Comparing Egs(33) and(79), we find that the first term in .

the latter is simply the adiabatic result in tBe>|g| limit. +if ef:,(Di)\)dt”i(ﬁ_P_Z)dtr. 83)

The remaining term quantifies oscillations induced by the 0 dt’ \D—iA

sudden change ih near the resonandghe connection be-

tween oscillations and non-adiabatic effects was first dis-

cussed in Ref[3]). These®(B) oscillations, although even- Substantial exEonentiaI~damping again wipes out the second
tually exponentially damped over a time scale-ei/D, are  term, such thaP(t) andP*(t) amalgamate to give
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1 ~ width in phase space. The corresponding characteristic time
Py(t)= 5 [P(t) =P*(1)] of the phase factor ekp f;,(D—iN)dt'] is
BD ft B t 1 1
=————P,()+ | ——=|ReE)e /P St~ ——~—, 89
SESCICR o el Ll JDZ+\% D %

X sin

t
‘e
t/

where ReE) and ImE) denote respectively the real and

+|m(E)e—f:,Ddt”Co ft)\dt” dt’. to be interpreted in thd>[g| limit as the local natural
t/ " oscillation length of the neutrino system. Thus the degree of
non-adiabaticity may be quantified by @llision-affected

(84 adiabaticity parameter

imaginary parts of _ 1 |on
Jnanp v=Ela- 5 (90
__ DA [[1apg 1 (D ||, P, Ao
= D2+ n2| | B ot D—in gt I(;tf 2oat | defined as a comparison between the physical resonance
(85) width and the natural oscillation length of the neutrino sys-

tem at\~0, such that the conditiohf <1 denotes an ideal

Evidently, the first term in Eq(84) is simply the adiabatic adiabatic process, and vice versa. The rol& as illustrated

Boltzmann result in theD>|p| limit. The accompanying in Fig. 8 which showsP(t) as a function of\(t), where

integral is a close analogue of th@(g) oscillatory term  \(t) varies linearly with time from+\ att=0 [initial con-

found in the toy model in Eq79), and may be interpreted as ditions: P,(0)=P,(0)=0, andP,(0)=1 ] to —X\, for six

a continuous sum of perpetuating oscillations induced by sizdifferent matter density gradients\/dt. The parameter®

able finite time derivativegD/dt, dN/dt anddpB/dt attime and B are kept constant for simplicity, andP,(t)=1

t" over the history of the evolutiofrecall that the change in throughout the evolution.

\ is instantaneous in the toy mogeDbserve also that in Observe in Fig. 8 that a sufficiently adiabatic process al-

the D>|B| limit, the quantity 9P,/dt=pBP, is a neglig- ways returns a negative, . Substantial non-adiabatic oscil-

ible O(B?) term that may be readily verified by iterating lations, however, can carrf?, periodically across the zero

Eq. (84). mark immediately after resonance crossing. From the per-
Thus what remains in E¢85) to first order ing is in fact  spective of neutrino asymmetry evolution, occurrence around

equivalent to elements in the matti§dl/~ %/ dt) in Eq. (27), the bulk of the momentum distribution could conceivably

that is[10], alternate the sign of the rath_,/dt in Eq. (34) in a cyclic
manner, leading possibly to oscillations in the integrated
U 0 0 -z variableL, in the region of exponential growth. This effect
U—*=0 0 —=Z"|+0(p?, (86) has been studied numerically in Rp£] (see also Ref.18)).
ot 7 7 0 Although a regime of rapid oscillatory lepton number evolu-

tion has yet to be completely confirméd], non-adiabatic
effects do indicate that their existence is likely. This rein-
forces conclusions first reached in RES].

where
1 iD—X\
Z=— b,
V2 DZ+2\%  \DZ+)\?
198 1 <0D )

>< - —_— ] ——
B ot D—in|at 't

VI. CONCLUSION

The Boltzmann limit of the relic neutrino asymmetry evo-
(87) lution represents a phase in which the rate of the said evolu-
tion is dependent only on the instantaneous neutrino and an-

_ ) ) ) S tineutrino distribution functions. An associated evolution
that were previously discarded in the adiabatic limit. equation may be extracted from the exact QKE’s in the adia-

The integrand in Eq(84) is largest at\~0, i.e., in the  patic limit where the matter potential and collision rate both

proximity of a resonance. In the context of lepton numbefyary slowly with time, in alliance with adequate collision-
generation, we expect the ter@h\/Jt to dominate over induced damping which serves to wipe out the coherence

dD/gt and dp/dt in the region of exponential growtfi.e.,  history of the system. In the course of the derivation, we
dL,/dteL,), where, by Eq(7), the rate of change of is  have ascribed precise physical and/or geometrical meanings
also correspondingly rapid. Hence, Eg5) reduces to for the adiabatic approximation and the many quantities aris-

ing therein that were previously lacking. These original in-

|E|~i @ - iﬂ (88) terpretations allow one to easily visualize the sharply con-
Dlat|, _, [AN[]at], trasting behaviors exhibited by the neutrino ensemble across

an MSW resonance in the collision-dominated and the coher-
from which we identify 1JZ| as the physical resonance ent oscillatory regimes respectively.
width, given |AN|=D is the collision-affected resonance  The time development of the individual neutrino and an-
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FIG. 8. The variableP(t) as a function of\(t), where)(t) varies linearly with time from+\ to —\, for adiabaticity parameterg
=0.25(top left), 0.625(top right, 1.25(center lefj, 3.125(center righ}, 6.25(bottom lef), and 18.75bottom righ}. The parameter® and
B are held constant & =0.02 andg=0.001, andP,(t)=1 throughout the evolution. The initial conditions &pg(0)=P,(0)=0, and
P,(0)=1.

tineutrino ensembles, in particular the differencevipand  ensemble’s matter and collision-affected mixing angle, the
v distribution functions, is mimicked by a damped classicallatter of which is a new quantity identified here for the first
system oscillating about a midpoint which contemporanetime. Collisions therefore play two roleg) to quickly damp
ously “decays” with time. We identify this decay constant the oscillations, and(ii) to drive the ‘“static” reaction
with the “rate constant” that couples to the evolution equa-v = v, to equilibrium over an extended period of time.

tion for (N,—Ns). Thus the Boltzmann limit is revealed to  Significant time variations in the damping and mixing pa-
consist of approximating the intrinsically oscillatory quantity rameters, i.e., non-adiabatic evolution, are shown to induce
(N,—Ng) to some stable averag®l{— Ns)o which evolves comparatively large amplitude oscillations in the system im-
in time in the same manner aBl{—Ng) in the generic re- mediately after resonance crossing. The degree of adiabatic-
action A=B with identical forward and reverse rate con- ity is quantified by an eponymous parameter first introduced
stants. The approximation’s validity is guaranteed for small-in this work, whose role in collision-affected neutrino oscil-
amplitude oscillations through substantial damping and/otation dynamics parallels that of its more common MSW-
matter suppression. The pertinent reaction rate constant fyle counterpart in completely coherent scenarios. Substan-
essentially a product of the decoherence rate and the neutrintial oscillations in the bulk of the momentum distribution
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may lead to periodic alternation in the sign of the quantity 32D
dL,/dt, and are thus a prime suspect for the generation of ky=— — 3 (A5)
rapid oscillations observed by others in the course of the d°+w
asymmetry evolution.
Ultimately we would like to improve on the adiabatic Ks
Boltzmann approximation, and results from the present work d=D+ > (AB)

have put us on better grounds for its accomplishment. The

classical oscillator analogy, for instance, seems to suggest a

procedure by which to correct for phase dependence in the 5 2. o 3.,
asymmetry evolution. This and other avenues await to be @ =N+ 7+ ksD+ k3, (A7)
explored in the future.

which are identically Eqs(18) to (20) in the main text. The
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known as the discriminant, thus characterizes the nature of
lectures.

the three roots:
(1) A>0. One root is real and the other two a complex
APPENDIX A: CUBIC POLYNOMIAL conjugate pair.
(2) A=0. All roots are real and at least two are equal.

We present further information on the derivation of Egs. Dt
(3) A<O. All roots are real and distinct.

(16)—(20), and other conditions arising from the characteris-

tic equation in Eq(15) scattered throughout Sec. Il These shall be labeled conditions 1, 2 and 3 hereafter. The
The cubic polynomial under investigation is the charac-9eneral form of Eq(A8) in terms of the coefficienta,, a;
teristic equation of the 83 matrix K of Eq. (12), anda; of the cubic polynomial may be found in any standard

mathematical handbook, that is,
x3+2Dx*+(D?+\?+ B%)x+B°D=0, (A1)

A=4Q%+27R?, (A9)
where the coefficients;=2D, a,=D?+\2+ 82, and ag
= 82D are real and positive. We seek three solutikpsk, with
andks, some of which may be complex, to E@\1), that is,
(x— k) (x— ko) (X~ kg) o 32 a
=0=x3— (Kq + Ko+ kg)x? 3
+ (kyko+ koks+kgky)x— kikoks 9a,a,— 27a;—2a;
=0, (AZ) R= 27 i (A].O)

with Thus the discriminant of EAL) is equivalently
k1+ k2+ k3: - 2D,
A=48%— B*D?+12B*\?2—208°D*\?
—_ N2 2 2
kiko+koks+ksky =D A"+ A7, +4DNZ+ 12824+ 8D AN, (ALD)
k1k2k3: - BZD (A3) . i . .
The reader can easily verify that condition 1 eventuates if the
Equation(A3) shows plainly that any complex roots must requirementx|>D is met for all 8, and similarly for the
occur as a conjugate pair, and the remaining one is necess@@ase|B|>D with a variableX. The D>|\|, [g] affair is a
ily real. For this we introduce the following parametrization: trifle more intricate. We begin by keeping only terms up to
order (3/D)* and (\/D)* in Eq. (A11). Then condition 1 is
ki ,=—d*iw, (A4) attained if the inequality

where the quantitied andw are defined to be real and posi- A4 B\2](N\2 [B\*

tive. Note that the definition ab may be extended to include 8(— + 4—20( —) M—) - (—) >0, (Al12)
imaginary numbers, in which cage andk, are simply two D D D D

distinct, real roots. Simple algebraic manipulation of Egs.

(A3) and(A4) leads to holds. Given that the above quadratic has solutions at
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A\ 2 B\? \/ B\? B\* SIMP20m p=|U g |2+ U 5 |2, (B2)
4(D> =—1+5 D) +14/1 10(D +27 D)
is generically projected onto they-plane. In the limitD
145 E)2+ 1_5(3 2+ B 4+O(B_6 1 =0, the unit vectorq, is parallel to the matter potential

- D D D6 vector V with no projection on they-axis. EquationgB1)

and(B2) thereby reduce to the household expressions readily
B\* B? obtainable from Eq(5).

= 5) , and —2+0 E ' (A13) The general collision-affected case is somewhat more

convoluted. Installing the matrix elements from E@81)

the inequality in Eq(A12) may be similarly expressed in and(23), Eq. (B2) evaluates explicitly to
terms of two conditions
K3[A?+ (D +k3)?]
NEVAE SiP20mp=—55 5 ————. (B3
4o ol N2k5+ (B2 +k3) (D +kg)
N2 B2 Equations(18) to (20) combine to produce
4(— <-2+0| =|. (A14)
D D2
_ p°D
Naturally, the second statement is never true. Hence, in the k=~ (D+kg)2+ N2+ 2 (B4)
limit D>|\|, | 8|, the discriminant is positive only for
4 which permits us to make the substitutiday(D + k)2
A>T (A15)  =—[B°D+kz(\?+p?)] to arrive at
4D?
. . k 2
as reported in Eqg42) in Sec. Il B. SiP20,, o= — s _ B . (B5)
’ D (D+kg)2+ N2+ B2
APPENDIX B: MATTER AND COLLISION-AFFECTED
MIXING ANGLE We identify the denominator as, in the classical harmonic

H 13 1’2 H
We begin our discussion by putting forward a conjecture,osc'"ator vernacular, the “natural frequency given by

that

the mixing angle cos®,p, collision-affected or other- Ed- (62) (with kg=—¢£). Thus Eq.(BS), with its lofty QKE

03 (see Fig. 1 for orientationi.e.,

whe
and

(1]
(2]

(3]
(4]
(5]

ter and collision-affected mixing angle in E@5).
In the D>|g| limit, Eq. (B5) peaks at\=0 with the
0820, p=|U "2, (B1)  ValueB*/D?, with resonance widthAX|=D. This is to be
’ compared with the familiab =0 case in which the nominal
rel{ ! is the transformation matrix given by Eq@1)  resonance widthAX|=|B| corresponds to sf@é,, attaining
(23). It follows that the remainder a maximum value of unity at resonance.
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